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@ Objectives of the talk

© Space-time fractional order operators
@ The fractional Laplace operator
@ Some fractional in time derivatives

© Controllability results for space-time fractional PDEs
@ The case of nonlocal Schrodinger equations
@ The case of nonlocal wave equations

@ A new notion of boundary control

e Open problems
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Objectives of the talk

The considered problem

In this talk we consider the following system of evolution

02u(t,x)+ (=A)u(t,x)=f in Qx(0,T),
+ Intial conditions, (1.1)

+ Boundary conditions.

Here oz > 0 is a real number, 0 < s < 1, Q c RV is a bounded open set
with Lipschitz continuous boundary 99, (—A)® is the fractional
Laplacian and 0¢* is a fractional time derivative of Caputo type.

@ If @ =1 (resp. @ =2) we have the heat (resp. wave) equation.

@ If 0 < o < 1 such an equation is said to be of slow diffusion.

@ If 1 < o < 2 then it is said to be of super diffusion.
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Objectives of the talk

@ How to define the fractional Laplace operator (—A)°?
@ How to define a time fractional derivative 057?

@ Which initial and boundary conditions make the system (1.1) well
posed as a Cauchy problem?

@ Is there a function f such that solutions of the system can rest at
some time T > 07 In other words, is such system null controllable?

v
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© Space-time fractional order operators
@ The fractional Laplace operator
@ Some fractional in time derivatives
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time deriva

The fractional Laplacian: Using Fourier Analysis

Using Fourier analysis, we have that the fractional Laplace operator
(—A)* can be defined as the pseudo-differential operator with symbol
|€[%5. That is,

(—AYu= CyoF L (€ F(u)),

where F and F~! denote the Fourier, and the inverse Fourier, transform,
respectively, and C(N,s) is an appropriate normalizing constant.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

The fractional Laplacian: Using Singular Integrals

Let 0 < s <1 and € > 0 be real numbers. For a measurable function
u: RN 5 R we let

u(x) — u(y) N
_Asux:CN,/ dy, x € R".
( )a ( ) s {/ERY: [x—y|>c} |X_y|N+2s

The fractional Laplacian (—A)* is defined for x € R by

(-8yux) = Cuepy. [ LEIZ0D oy i a)zu(x),

75225F <%) . Here I

provided that the limit exists, where Cy s := —
w2 (1—5)

denotes the usual Euler-Gamma function.
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Space-time fractional order operators :
P P The fractional Laplace operator

Some fractional in time derivatives

The fractional Laplacian: Using the Caffarelli-Silvestre extension

Let 0 < s < 1. For u: RN — R in an appropriate space, consider the
harmonic extension W : [0,00) x RY — R. That is the unique weak
solution of the Dirichlet problem

Wi + =2W + AW =0 in (0,00) xRV,

t

W(0,-)=u in RV, (21)
Then the fractional Laplace operator can be defined as

(—A)u(x) = —ds Jim. 12 W, (t,x), x e RV,
— 9251 r(s)

r1-s)
the literature, the Caffarelli-Silvestre extension.

where the constant ds is given by d; : . This is called in
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

All the definitions coincide

@ Let 0<s< 1 Then

(=) u(x) =Cp,sF* ([€[**F(u))

u(x) — u(y)
=Cy P.V. — "~ ¢
N,s /RN x — y|N+2s y

=—d, lim "2 W,(t, x
st—>0+ t( ) )a

where we recall that W : [0, 00) x RM — R is the unique weak
solution of the Dirichlet problem (2.1).

@ It is clear that (—A)® is a nonlocal operator. That is,

supp[(—A)°u] ¢ supplu].
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Space-time fractional order operators :
P P The fractional Laplace operator

Some fractional in time derivatives

Derivation of singular integrals: Long jump random walks

Let K : RY — [0,00) be an even function such that

> K(k)=1. (2.2)

kezZN

Given a small h > 0, we consider a random walk on the lattice hZN.

@ We suppose that at any unit time 7 (which may depend on h) a
particle jumps from any point of hZN to any other point.

@ The probability for which a particle jumps from a point hk € hzN
to the point hk is taken to be K(k — k) = K(k — k). Note that,
differently from the standard random walk, in this process the
particle may experience arbitrarily long jumps, though with small
probability.
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Space-time fractional order operators :
P P The fractional Laplace operator
Some fractional in time derivatives

Long jump random walks: Continue

@ Let u(x, t) be the probability that our particle lies at x € hZN at
time t € 7Z.

@ Then u(x,t+ 7) is the sum of all the probabilities of the possible
positions x + hk at time t weighted by the probability of jumping
from x 4+ hk to x. That is,

u(x, t+7) = > K(Kk)u(x+ hk,t).
kezN

@ Using (2.2) we get the following evolution law:

ulx,t+7)—u(x,t)= Z KC(k) [u(x + hk,t) — u(x,t)]. (2.3)

kezZN
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Some fractional in time derivatives

Long jump random walks: Continue

@ In particular, in the case when 7 = h?s and K is homogeneous i.e.,
K(y) = |y| M%) for y £0, K(0) =0, and 0 <s <1,
then (2.2) holds and K(k)/m = hNK(hk).
@ Therefore, we can rewrite (2.3) as follows:

u(x,t+7) — u(x, t)

= hN > KC(hK) [u(x + hk, t) — u(x, t)].
kezN (2-4)

@ Notice that the term on the right-hand side of (2.4) is just the
approximating Riemann sum of

O bty 8) = ulx )] dy.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Long jump random walks: Continue

@ Thus letting 7 = h?>* — 0" in (2.4), we obtain the evolution
equation

u(x+y,t)—u(x,t
Oeu(x, t):/RN ( y|I3+2s ( )d)/- (2.5)

@ Notice that (2.5) has a singularity at y = 0. But when 0 < s < 1
and the function u is smooth, then it can be viewed as a Principal
Value as we have clarified above. More precisely, we have the
following:

Iim/ u(x+y, l;3+;u(x, t) dy
€10 JRN\ B(0,¢) |yl

= Iim/ —u(z, ) _:f;’ t) dz
el0 RN\ B(x,e) ‘Z - X‘ g

= —(Cns) M (—A)u(x, t).
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Long jump random walks: Conclusion

We have shown above that a simple random walk with possibly long
jumps produces, at the limit a singular integral with a homogeneous
kernel.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

The limit as s 11

Let u, v be smooth functions with compact support in . That is,
u,v € D(R2). Then the following holds.

Iim/ V(—A)SUdX:—/ VAUdX:/VU'VV dx.
sT1= JRV Q Q

Using a result due to Bourgain, Brezis and Mironescu we get:

sT1—

522571r (N+25 )|2
=lim dxd
st1 Wz(lfs)l'(lfs /]R"’ /]R’V IX* I’V“s g

=/ |Vu|2dx:/|Vu|2dx:—/uAudx.
RN Q Q

lim / u(—A)® udx
RN

N

Mahamadi Warma (UPR-Rio Piedras)The author is partially supg  Null Controllability of Fractional PDEs



Space-time fractional order operators

The fractional Laplace operator
Some fractional in time deriva

@ What are the Dirichlet and Neumann Boundary Conditions for the
fractional Laplace operator (—A)S?

@ To obtain an explicit and a rigorous answer to the above question,
we need the following notions.

o We need some appropriate Sobolev spaces.

o We need a notion of a (fractional) normal derivative.

o We also need an integration by parts formula for (—A)®. That
is, an appropriate Green type formula for (—A)°.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Fractional order Sobolev Spaces

Let Q c RN be an arbitrary open set and 0 < s < 1.

@ We denote

we2(Q) = {u e 1(9): /Q / lefed)  HIE oo},

|x — y|N+2s

and we endow it with the norm defined by

:  lu u)E o
|ullws2(q) = |u\ dx + _y|N+2S dxdy | .

@ Then W*2(Q) is a Hilbert space.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Fractional order Sobolev Spaces: Continue

Let D(Q) be the space of test functions on Q. Let

W@ -o@)

and
W% (Q) = {u € W2(RV): u=0 ae. on ]RN\Q}.

@ There is no obvious inclusion between W3 *(Q) and W3 (Q).
QIfFQCRNjs Lipschitz, then we have the following situation.

o If 1 <s<1,then Wy*(Q) = W;3(Q).

o If 0 <s <1, then Wy?(Q) = W2(Q).

o If 0 < s <1 then WS?(Q) and WS *(RQ) are different and

—_ 21
there is no inclusion. This follows from the fact that the

constant function 1 € W05’2(Q) but 1 ¢ Wos'z(ﬁ)-
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Space-time fractional order operators :
P P The fractional Laplace operator

Some fractional in time derivatives

The Dirichlet problem for (—A)*

o Let g € C(99). The classical Dirichlet problem for A is given by
Au=0 in Q u=gon 00.
@ Let g € C(0R). Then the Dirichlet problem
(=A)’u=0 in Q, u=gon 09, (2.6)

is not well-posed. This follows from the fact that

( X) C / U(X u(y dy+ CN,s ‘ u(X) — U(y) d

ey i P — ¥V

@ Let g € Go(RV\ Q). The well-posed Dirichlet problem is given by

(~A¥u=0 in Q u=g in RV\ Q.
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Space-time fractional order operators :
P P The fractional Laplace operator
Some fractional in time derivatives

The zero Dirichlet boundary condition (BC) for (—A)*

© The zero Dirichlet BC for A is given by v = 0 on 0f2.
@ Let (—A)3, be the operator on L?(Q) given by

{D((—A ) = {u e WS(Q): (—A)ue L2(Q)},

Then (—A)3, is the realization in L?(Q) of (—A)® with the
zero Dirichlet boundary condition.
o Here the Dirichlet BC is characterized by u =0 in R\ Q.
e Do not confuse (—A)3 with (—Ap)® (the spectral fractional
Laplacian). The two operators are different.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

How to define a " fractional” normal derivative?

@ Recall that if v is a smooth function defined on a smooth open set
Q, then the normal derivative of u is given by

5}
8—5::Vu-17,

where ¥/ is the normal vector at the boundary 99.

@ For 0 < s < 1 and a function u defined on RN we let

" u() — u(y) 5
Moals) = Cus || L2 o x SR\

provided that the integral exists. This is clearly a nonlocal operator.

@ N is well-defined and continuous from W*2(R") into L2(RN \ Q).

@ We call N, u the nonlocal normal derivative of u.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

@ Recall the divergence theorem:

. ou 0=
Audx = [ div(Vu) dx = — do, Yue C(Q).
Q Q 3}

aq oV

@ For (—A)® we have the following:

/(—A)Su dx = — Noudx, ¥V ue CGRN).
Q RM\Q
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Why is A a normal derivative?

@ Green Formula: V u € C3(Q) and V v € C1(Q),

/Vu~Vvdx:f/vAudx+/ v@da.
Q Q Joq Ov

@ For (—A)* we have the following: V u € C3(R") and v € C}(R"),

s (ux) = UV = v(y))
2 A2N\(RN\Q)2 |X — y|N+2s d dy

:/ v(—=A)*u dx +/ vNLu dx.
Q

RM\Q

RV (RY\ Q)2 = (Qx QU ((Qx RY\Q)U(R"\Q) x Q).
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Why is A a normal derivative?

For every u,v € CZ(RV) we have that

Iim/ vNLu dX:/ va— do.
sT1— RNV\Q a0 ov

We have shown that N plays the same role for (—A)* that the classical
normal derivative % does for A.
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Space-time fractional order operators :
P P The fractional Laplace operator

Some fractional in time derivatives

The Neumann problem for (—A)®

Q f € L%(Q), g € L2(9). The Neumann problem for A is given by

—Au=1f in Q @:g on 0R.
v

0

It is well-known that the above problem is well-posed if and only if

/fdx—i—/ g do =0.
Q o0

Q Let f € [2(Q) and g € LY(RM \ Q). We consider the problem

(=A¥u=f in Q MNMu=gin RV\Q. (2.7)

o What is a weak solution of the Neumann type problem (2.7)?
o When is the problem (2.7) well-posed?
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Another fractional order Sobolev space

Let g € LY(RM \ Q) be fixed and let

w2 = {uel’(@), lgltue L"‘(RN \ Q).

u(x) — u(y)?
dxdy <
//Rz'v\ (RV\Q)2 |X* Cx—y|Nes i oo}

be endowed with the norm

lullfys2 = IUI2 dx + \gIIU\2 dx
Q N

- 2
/ / EERTOIIN
R2V\ (RV\ Q)2 Ix =yl

Then W37 is a Hilbert space.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Weak solutions of the Neumann problem

A u € WS? is said to be a weak solution of (2.7) if for all v € W52,

/] (400 — UV~ )
R2N\ (RN\ Q)2 |x — y|Nt2s

:/fvdXJr/ gv dx.
Q RV\Q

Well-posedness of the Neumann problem

Let f € L2(Q) and g € LY(RN \ Q) N L>°(RN \ Q). Then the Neumann
problem (2.7) has a weak solution if and only if

/fdx+/ g dx =0.
Q RM\Q

In that case, solutions are unique up to an additive constant.

| \
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

The Riemann Liouville fractional derivative

a—1
M)
0 if t <O.

It will be convenient to write gy := dg, the Dirac measure concentrated at
0. Let T >0 and u € C[0, T], with g;_, * u € WH1(0, T). The
Riemann-Liouville fractional derivative of order « is defined by

if t
Let & € (0,1) and define g, (t) : itt>0,

Deu (¢) = %(gl,a wu)(t) = ;’t/otgla (t—7)u(r)dr.
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

Properties of the Riemann Liouville fractional derivative

Let 0 < a < 1. Then the following assertions hold.

0 DI1= 2 (B1ax1)(8) = 2 (g2-0) (t) = £1-a(t) £0.

0 Dga(t) = 5 (61-a ) (1) = 5 (&) () =0,

e Dlu= jt/o go(t — 7)u(r) dr = %(u)(t) =u'(t).
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Space-time fractional order operators

The fractional Laplace operator
Some fractional in time derivatives

The Caputo fractional derivative

The classical Caputo fractional derivative of order 0 < o < 1 is defined by

t
DEu(t) = (g1-a * U)(1) = / gi-al(t— ) (r) dr.
0
Properties of the Caputo fractional derivative
o Dl = (g1_a *0)(t) =0.

° ]D)%u(t):/o gt — )(7) dr) = o/ (t).

@ (Problem). One needs more regularity for u. One also needs to
know u’(t) in order to calculate D%u(t) for 0 < a < 1.

A\
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Space-time fractional order operators C
P: p The fractional Laplace operator

Some fractional in time derivatives

Modified Caputo derivative

We modify the fractional Caputo derivative as follows:

()= 05 ()= (@) = & [ grma (=) (ulr) — u(@)) o7

Properties of the modified Caputo derivative

d
@ 071 = a(gl,a % 0)(t) = 0.

o 0hu(t) = 35 [ ot~ )(ulr) — u(0)) d7) = H(u(6) - (0)) =
u'(t).

@ (Advantage). One does not need more regularity for u. One does
not need to know v’ in order to calculate 9¢u for 0 < a < 1.
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The fractional Laplace operator
Some fractional in time derivatives

Some fractional in time ODEs
is gi t) = u(0)e™.

@ The solution of u/(t) = zu(t) ( z € C) is given by u(t)
@ If 0 < a < 1, then the solution of DY u(t) = zu(t) is given by

u(t) = u(0)E, (zt%).

Space-time fractional order operators

where E, is the Mittag-Leffler function defined for every z € C by

n

a Z Man+1)

n=0

@ It is clear that E;(z) = Z

Null Controllability of Fractional PDEs

Mahamadi Warma (UPR-Rio Piedras)The author is partially supg



Controllability results for space-time fractional PDEs

Outline

© Controllability results for space-time fractional PDEs
@ The case of nonlocal Schrodinger equations
@ The case of nonlocal wave equations
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The case of nonlocal Schré
The case of nonlocal wave

Controllability results for space-time fractional PDEs

Our control system

For0<a <1, 0<s<1andwC Q open, we consider the system

ogu(t,x) + (=A)°u(t,x) = fluxo,1) in Qx(0,T),
u=0(BC) in (RV\ Q) x (0, T),
u(0,-) = yo (IC) in Q.
(3.1)
In (3.1), f is the control function that is localized in a subset w C € and
u is the state to be controlled.

| A\

Definition of null controllability of (3.1)

We say that (3.1) is null controllable if there exists a control function f
such that the solution u of (3.1) satisfies u(T,-) = 0 for some T > 0.
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The case of nonlocal Schrodi equations
The case of nonlocal w:

Controllability results for space-time fractional PDEs

Negative result for null controllability

@ Let 0 < a < 1. Then the system (3.1) is never null controllable.
That is, if 0 < a < 1, then there is no control function f such that
the solution u can rest at some time T > 0.

@ The same conclusion holds for any « & N.

@ Solutions of (3.1) are represented in terms of the Mittag-Leffler
functions. The above negative result for the null controllability is
essentially due to the asymptotic behavior of the Mittag-Leffler
functions with non-integer parameters o ¢ N.

What happens if @ € N but 0 < s < 1?7 We will concentrate on the case
a=1.

A,
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The case of nonlocal Schradinger equations
The case of nonlocal wave equations

Controllability results for space-time fractional PDEs

Our control problem for o =1

Let Q C RV be open, bounded and of class C*!. For w C Q open, and
0 < s < 1 we consider the following Schrodinger equation:

iatu(tv X) + (7A)su(tvx) = waX(O,T) in Qx (0’ T)v
u=0 in (RY\ Q) x (0, T),
u(0,-) = wo in Q.

(3.2)

@ f is the control function which is localized in w C .

@ u is the state to be controlled.

Well-posedness

Y up € L?(Q) and f € L%((0, T) x Q), the system (3.2) is well-posed as a
Cauchy problem.
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Controllability results for space-time fractional PDEs The case of nonlocal Schrédinger equations

The case of nonlocal wave equations

The observability inequality

Let [o:={x€90Q: (x-v)>0}and w:= 0N where O is an open
neighborhood of Iy in RN, For up € L?(Q) and f € L2((0, T) x Q), let u
be the solution of (3.2). Then the following assertions hold.

o If % < s <1, then for any T > 0 we have that

T
”UOHi?(Q) S-/O /|U(f,X)|2 dxdt. (33)

@ If s =1, then (3.3) holds for any T > 2Pd(Q) =: To, where Pd()
is the Poincaré constant for the embedding W;?(Q) < L(Q).

@ If 0 < s < 3 such an inequality (3.3) does not hold.
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The case of nonlocal Schradinger equations

Controllability results for space-time fractional PDEs R ree Ry =
The case of nonlocal wave equations

The null controllability for

Let Fo:={x€0Q: (x-v)>0}and w:=0ONQ where O is an open
neighborhood of Iy in RN, For up € L2(Q) and f € L2((0, T) x w), let u
be the solution of (3.2). Then the following assertions hold.

o If % < s < 1, then there is a control function f such that
u(T,-)=0in Q forany T > 0.

@ Ifs= % then there is a control function f such that u(T,:) =0 in
Q for any T > Ty := 2Pd(Q).

@ If 0 < s < 3, then the system is not null controllable.
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The case of nonlocal Schrodinger equations
The case of nonlocal wave equations

Controllability results for space-time fractional PDEs

Main ingredients used for the proof

The main tool needed to show the above obervability inequality and
hence, the null controllability result is the following identity known as the
fractional version of the Pohozaev identity. Let §(x) := dist(x, 0%2),

ue C(RN) and u=0in RY\ Q, be such that

@ uc CH(Q) for some B € [s,1+ 2s].
° 5—us € C%7(Q) for some 0 < v < 1.

@ (—A)u is pointwise bounded in Q.

Then the following identity holds.

/Q(—A)SU(X~VU) =2 N/Qu(—A)Su dx

- 7r(1—2~_5) /asz (5%)2 (x-v) do.
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The case of nonlocal Schradinger equations
The case of nonlocal wave equations

The negative result for 0 < s < %

The negative result is proved by direct computation with Q = (—1,1).

Controllability results for space-time fractional PDEs

@ In fact, one used the fact that the eigenvalues of (—d?)* with zero
Dirichlet exterior conditions are given by

_(kr (2-25)m\* 1
Ak<2_8> +0(7) for k>1 (3.4)

@ Using (3.4) one proves that

. (3.5)

N =

Mgl =M =27 >0+ s>

@ Finally one uses (3.5) to show that the observability inequality does
not if 0 < s < % and this implies that the system cannot be null
controllable if 0 < s < %
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The case of nonlocal Schradinger equations
The case of nonlocal wave equations

Controllability results for space-time fractional PDEs

Eigenvalues of (—d2)? on (—1,1) for 3 =0.1,0.2,0.3,0.4,0.5

Figure: Eigenvalues Figure: Gap

Eigenvalues (—d2)? on (—1,1) for 3 =0.6,0.7,0.8,0.9, 1.
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Figure: Eigenvalues Figure: Gap
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The case of nonlocal Schrodinger equations

Controllability results for space-time fractional PDEs q
The case of nonlocal wave equations

Our control problem for the wave equation (a = 2)

Let Q ¢ RM be a smooth open set with boundary Q. For w C Q open
and 0 < s < 1, we consider the following system:

Oreu(t,x) + (—A)*5u(t, x) = flux(o,1) in Qx(0,T),
u=(=A)yu=0 on (RV\Q)x(0,T),
u(0,:) = up, u(0,:) = uy in Q.

(3.6)

@ f is the control function and u is the state to be controlled.

@ Notice that here 0 < 2s < 2. We define (—A)> as follows:

(—8)*u = (-A)(-A)u.
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- h N of nonlocal Schrédin
Controllability results for space-time fractional PDEs
The case of nonlocal wave equations

Definition
We say that the system (3.6) is null controllable if there exists a control
function f such that the solution u of (3.6) satisfies

U(Ta') = Ut(Ta') =0 in Q,

for some T > 0.

Null Controllability of Fractional PDEs
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The case of nonlocal Schrodinger equations
The case of nonlocal wave equations

Controllability results for space-time fractional PDEs

The Null controllability result for the wave equation

Let [p:={x€9Q: x-v)>0}and w:=0ONQ where O is an open
neighborhood of [ in RV, For (ug, u1) € W22(Q) x L2(Q) and

f € L2((0, T), W?s2(w)), let u be the solution of the system (3.6). Then
the following assertions hold.

Q If % < s < 1, then there is a control function f such that
u(-,T)=u(-,T)=00n Q forany T > 0.

Q Ifs= % then there is a control function f such that
u(, T)=u(-, T)=00n Q for any T > Ty = 2Pd(Q).

Q Ifo<s< % then the system is not null controllable.
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The case of nonlocal Schrodir equations
The case of nonlocal wave eq ns

Controllability results for space-time fractional PDEs

Main ingredients needed

The main tools needed to show the above null controllability result are
the following.

@ Using the obervability inequality for the Schrodinger equation and
HUM (Hilbert Uniqueness Method) we get the items (1) and (2).

@ The item (3) follows from the eigenvalues gap conditions.
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A new notion of boundary control

Outline

@ A new notion of boundary control
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A new notion of boundary control

Boundary control problem for the classical heat equation

The classical boundary control problem for A is formulated as follows:

Oru(t,x) — Au(t,x) =0 in Qx(0,T),
Bu = waX(O,T) on 0f2 x (0, T), (41)
u(0, ) = o, in Q.

Here B is a boundary operator (Dirichlet, Neumann or Robin type).
u = u(t, x) is the state to be controlled and f = f(t, x) is the control
function which is localized on a non-empty subset w C 99Q.
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A new notion of boundary control

What about a boundary control with (—A)s?

Recall that we have mentioned above that the Dirichlet problem

(—A)Yu=0 in Q, u=gon 09, (4.2)

is not well-posed. Therefore we have the following situations.
@ It follows from (4.2) that the system
Oru(t,x) + (=A)u(t,x)=0 in Qx(0,T),
u=fXux(,T) on 0Q x (0, T),
u(0,-) = uo in Q,
is not well-posed as a Cauchy problem.

@ This shows that a boundary control does not make sense for the
fractional Laplacian (—A)* (0 < s < 1). That is, the control
function cannot be localized on a subset w of 0X2.
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A new notion of boundary control

What about boundary control with (—A)°?
The well-posed Dirichlet problem for (—A)® is given by

(-APu=0 in Q u=gin RV\Q. (4.3)

We have to the following situations.
@ Since (4.3) is well posed, it follows that the system
Oru(t,x) + (—A)u(t,x) =0 in Qx(0,T),
u = fXux(0,T) in (RV\ Q) x(0,T), (44)
u(0,-) = up in Q,

is well-posed as a Cauchy problem.

@ This shows that the control function should be localized in a subset
wC RN\ Q.

@ We shall call (4.4) an exterior control problem.

Null Controllability of Fractional PDEs
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A new notion of boundary control

What is so far known about the exterior control problem?

Given ug € L2(Q), 0 < @ <1 and w C RV \ Q an arbitrary non-empty
open, we consider the system

02u(t,x)+ (—A)u(t,x)=0 in Qx(0,7),

u= waX(O,T) in (RN \ Q) X (07 T)7 (45)

u(0,-) = up in Q.

Then for every £ € L2((0, T); WS2(RN \ Q)), the system (4.5) is
well-posed as a Cauchy problem.
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A new notion of boundary control

Explicit representation of solutions

Let (—A)3, be the realization in L?(2) of (—A)* with the condition
u=0in RV \ Q. Then we have the following.

@ Then (—A)% has a compact resolvent.

@ Let (¢n)nen be the normalized base of eigenfunctions of (—A)3,
associated with the eigenvalues (A,)nen.

@ The unique solution u of the system (4.5) is given by

o0

u(t,x) = — Z </0 (f(t - T, ')a/\/;(Pn) LQ(RN\Q)TQ_IEQ,Q(—)\,,T“) d'r) o

n=1

@ Here E, . denotes the Mittag-Leffler function of two parameters
given by

oo Zn
Eoéya(z) —;m, zeC.
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A new notion of boundary control

An exterior controllability result

Let w € RY\ Q be an arbitrary non-empty open set. Then the system

(4.5) is approximately controllable for any T > 0 and f € D(w x (0, T)).
That this,

2(@)

{u(-,T): feD(wx (0,T))} = [3(Q).
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A new notion of boundary control

What is needed in the proof of the approximate controllability?

@ We prove first the unique continuation property of the eigenvalues
problem. That is, let A > 0 and ¢ € W*2(RV) satisfy

(~A¥p=Xpin Q and =0 in RV\ Q.
Let w € RY\ Q be a non-empty open set. We have the following.
If Moo =0 in w, then =0 in RV, (4.6)
@ To prove (4.6) one uses the following.

If u=(-A)Pu=0 in w, then u=0 in RV, (4.7)

@ Notice that (4.7) does not make sense for a local operator like A.

V.
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A new notion of boundary control

What is needed in the proof of the approximate controllability?

@ The dual system associated with the system (4.5) is given by

Dfrv+ (=A)yv=0 in (0,T)xQ
v=0 in (0,T)x (RV\ Q) (4.8)
Itl’_T”‘v( T,)=up in Q.

@ Using some important tools of analytic functions we prove that the
solution of (4.8) satisfies the unique continuation principle. That is,
let w C (RN '\ Q) be an arbitrary non-empty open set.

If Nsv=0in (0,T)x O, thenv=20in(0,T) xQ. (4.9)

@ We obtain the approximate controllability as a direct consequence of
the property (4.9).
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Open problems

Outline

e Open problems
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Open problems

Open problem: The heat equation (Interior control)

Let 0 < s < 1 and consider the following system
Oru(t,x) + (=A) u(t,x) = fXwx(0,T) in Qx(0,T),
u=0 in (RVM\ Q) x(0,7),

u(0, ) = uo, in Q.
(5.1)

o If N =1, then (5.1) is null controllable if and only if % <s<l1.

@ If N> 2, we still DO NOT know if (5.1) is null controllable or not.
@ There is still no appropriate Carleman type estimates for (—A)°.

@ For N > 2, we only know that (5.1) is approximately controllable.

@ If N> 1 and one replaces u =0 in (R¥\ Q) x (0, T) by Nsu =0 in
(RN\ Q) x (0, T), then the null controllability is still open.
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Open problems

Open problem: The heat equation (exterior control)

Let 0 < s <1, N> 1 and consider the system

Oru(t,x) + (=A)u(t,x)=0 in Qx(0,T),
u= waX(O,T) in (RN \ Q) X (Ov T)7
u(0, ) = up, in Q.

@ We still DO NOT know if the system is null controllable or not.

@ As we have said above, it is approximately controllable for any
T > 0 and any non-empty open set w C RV \ Q.

@ If one replaces u = fx,x(0,7) by Nyu = fXwx(0,T), then we have
proved that it is approximately controllable for any T > 0 and an
arbitrary non-empty open set w C RV \ Q.
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Open problems

Open problem: The real wave equation (Interior control)

Let 0 < s < 1 and consider the following wave equation

attu(ta X) + (7A)su(ta X) = f|w><(0,T) in Q x (05 T)7
n=0 in (RV\ Q) x (0, T),
U(O7 ) = Uo, ut(ou ) = in €.

@ We dot not know if the system is controllable. We just know that it
is approximately controllable.

@ If one replaces u = 0 by A u = 0, then we still do not know much
about the controllability.
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Open problems

Open problem: Wave equation (exterior control)

Let 0 < s < 1 and consider the following wave equation

O u(t,x) + (—A)u(t,x) =0 in Qx(0,7),
u=flux(o,m) in (RV\ Q) x (0, T,
u(0,-) = uo, u(0,-) = uy in Q.

@ We dot not know if the system is controllable. We just know that it
is approximately controllable.

@ If one replaces u = f.,x(0,7) by Nsu = f|.,x(0,7), then we still do
not know anything regarding the controllability.
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Open problems

Open problem: Schrddinger equation (Interior control)

Let 0 < s < 1 and consider the following Schrodinger equation

iOeu(t, x) + (=A)u(t,x) = fluxeom in 2x(0,T),
Nou=0 in (RVN\ Q) x (0, T),
u(0,-) = wo in Q.

@ We still dot not know if the system is controllable.

@ The problem is that there is still no Pohozaev identity for (—A)*
with the nonlocal Neumann exterior condition.
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Open problems

THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
THANK YOU VERY MUCH! THANK YOU VERY MUCH!
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